We evaluate the complete four-loop anomalous dimension matrix that is necessary for determining the effective flavour-changing neutral current couplingsqq ′ γ andqq ′ g at the nextto-next-to-leading order in QCD. The resulting O(α 2 s (µ b )) correction to theB → X s γ branching ratio amounts to around −2.9% for µ b = 5 GeV, and −4.4% for µ b = 2.5 GeV.
Introduction
Flavour-Changing Neutral Current (FCNC) decays are well known to provide stringent constraints on extensions of the Standard Model (SM) because their SM amplitudes are loopsuppressed. An additional chirality suppression factor m q /M W for radiative FCNC transitions q → q ′ γ makes these processes particularly attractive. The chirality suppression may be offset in certain new-physics models like the Minimal Supersymmetric Standard Model with large tan β [1] or left-right models [2] . Precise SM calculations of the radiative flavour-changing decay rates are thus vital for our ability to derive constraints on new physics from these observables.
In the present paper, we evaluate the complete four-loop Anomalous Dimension Matrix (ADM) that is necessary for calculating the effective FCNC couplingsqq ′ γ andqq ′ g at the Next-to-Next-to-Leading Order (NNLO) in QCD. Our main motivation is contributing to the NNLO calculation of the inclusiveB → X s γ branching ratio that is generated at the quark level by the b → sγ transition. For this decay, both the current experimental errors and the non-perturbative effects are smaller than the perturbative NNLO corrections [3] . Our four-loop O(α 2 s (µ b )) contributions turn out to suppress B(B → X s γ) by around 2.9% for µ b = 5 GeV, and 4.4% for µ b = 2.5 GeV. The dominant part of this effect has already been included in the phenomenological NNLO analysis of Refs. [3, 4] .
The article is organized as follows. In Section 2, we introduce the relevant effective Lagrangian and describe the structure of the Renormalization Group Equations (RGEs) for the Wilson coefficients. In Section 3, the bare four-loop calculation is described. Section 4 is devoted to the calculation of subdivergences. Our final results for the renormalization constants and ADMs are given in Section 5. The numerical size of the four-loop effects is analyzed in Section 6. We summarize in Section 7. Appendix A contains solutions to the RGEs for all the Wilson coefficients that matter for b → sγ at the NNLO before including higher-order electroweak corrections.
Effective Lagrangian
All the FCNC processes that have been observed so far are generated at the electroweak scale µ 0 ∼ M W , m t , while the relevant momentum transfer scale µ f is much lower. Large logarithm α s ln µ 2 0 /µ 2 f n resummation at each order of the perturbation series in α s (µ f ) is necessary to obtain viable results. It is achieved by making use of the RGEs in an effective theory that arises from the SM after decoupling of the heavy electroweak bosons and the top quark [5] .
The effective Lagrangian that matters for the q → q ′ γ and q → q ′ g transitions at the leading order in the electroweak interactions is given below. For definiteness, we specify the quark flavours as in the b → sγ case.
Here, G F and V ij stand for the Fermi coupling constant and the quark mixing matrix elements, respectively. The Wilson coefficients C i (µ) play the role of coupling constants at the effective weak vertices (operators) Q i . The operator basis is chosen as in Ref. [6] to avoid difficulties with γ 5 in dimensional regularization.
where P L,R = (1 ∓ γ 5 )/2. For simplicity, terms proportional to the small V ub mixing have been neglected here. The dots on the r.h.s. of Eq. (2.1) stand for ultraviolet (UV) counterterms. Apart from Q 1 ,. . . ,Q 8 , the counterterms contain unphysical operators that matter only off-shell and/or in D = 4 spacetime dimensions (see Section 4). Instead of the original C i (µ), it is more convenient to work with certain linear combinations of them, the so-called "effective" Wilson coefficients
The numbers y j and z j are defined so that the b → sγ and b → sg amplitudes at the Leading Order (LO) in QCD are proportional to C eff 7 and C eff 8 , respectively [7] . In the MS scheme with fully anticommuting γ 5 which is used in our calculation, one finds, y = (0, 0, − ) [6] .
are governed by the ADM
where α = α s (µ)/(4π). This matrix is determined from the effective theory renormalization constants. The matricesγ (n)eff have a block-triangular structurê
The down-left block vanishes because the dipole operators Q 7 and Q 8 are actually dimensionfive ones, and thus generate no UV divergences in dimension-six four-quark amplitudes. The diagonal blocks A (n) and C (n) are found from (n + 1)-loop renormalization constants. Nonvanishing contributions to the off-diagonal blocks B (n) arise at two and more loops only. Once the normalization conventions for Q 7 and Q 8 are chosen as in Eq. (2.2), the blocks B (n) contain information on (n + 2)-loop renormalization. The complete matricesγ (0)eff andγ (1)eff together with the relevant references can be found in Ref. [6] . We quote these results in Section 5. The three-loop block B
(1) was confirmed in Ref. [8] . At the NNLO, one needs to know the full 8 × 8 matrixγ (2) eff . The three-loop blocks A (2) and C (2) were calculated in Refs. [9] and [10] , respectively. In the present paper, we evaluate the four-loop block B (2) .
Bare Four-Loop Calculation
The renormalization constants contributing to the matrix B (2) are found after subloop renormalization from the UV-divergent parts of four-loop diagrams like the one shown in Fig. 1 . Each of the operators Q 1 , . . . Q 6 must be considered in the effective four-quark vertex, and the external gauge boson can be either a photon or a gluon. The overall number of relevant four-loop diagrams turns out to be 21986, when different color and gamma matrix structures are treated together.
In order to simplify the calculation as much as possible, an infrared (IR) rearrangement as in Refs. [11] [12] [13] [14] has been applied. In this approach, a Taylor expansion in the external momenta is performed after introducing a common mass in all the propagator denominators. The order of the expansion is determined by the dimensions of the operator insertion and the Green's function. In the present case, up to two derivatives have to be applied. Afterwards, the problem is reduced to evaluation of single-scale fully massive vacuum integrals. In principle, the contribution of any graph can be mapped onto the following Dirac structures
where p and k stand for the incoming b-quark and the outgoing photon/gluon momenta, respectively, whereas M denotes the regulator mass. However, due to the huge computational resource requirements, only the coefficients at the structures S j for j = 7, 9, 10, 11 have been calculated. Only these four structures are needed to determine the sought ADM B (2) (see Section 4).
Comparing the vertex diagram structure and the Taylor expansion depth with those needed in the evaluation of the four-loop β-function with a single gauge parameter, we note that the maximal powers of numerators and denominators in the integrals are the same. This has allowed us to use the solution of the integration-by-parts identities and the master integrals determined in Ref. [14] . All the salient details of the employed techniques can be found in that paper.
Subdivergences
Considering renormalization of all the operators up to dimension six that can arise in the effective theory (2.1) is necessary for proper subtraction of subdivergences in our calculation. Since the four-loop diagrams are evaluated in the usual Feynman-'t Hooft gauge (without background fields), in D = 4 − 2ǫ dimensions and off-shell, the following types of counterterms must be taken into account apart from the usual QCD ones:
• the original ("physical") operators from Eq. (2.2),
• gauge-invariant operators that vanish by the QCD×QED Equations Of Motion (EOM),
• gauge-variant EOM-vanishing operators,
• BRST-exact operators, i.e. operators that can be written as Becchi-Rouet-Stora-Tyutin variations of other operators, and
• evanescent operators, i.e. operators that vanish in D = 4 spacetime dimensions by Diracalgebra identities, but have to be included for D = 4.
One begins with writing down all the possible operators of dimension up to six with proper flavour quantum numbers that fall into the above five classes. The potentially infinite set of evanescent objects is reduced to a finite one at each given order of the perturbation series once the prescription of Ref. [15] is applied. The long list of relevant operators can be further reduced by taking into account that the SM Lagrangian is invariant under the following discrete transformations of its fields and parameters (already after the electroweak symmetry breaking and mass matrix diagonalization):
• CP transformation and V → V * .
A combination of these two transformations maps the ∆B = −∆S = 1 interaction terms onto themselves, so it must leave L eff (2.1) invariant. The relative plus sign between the m s and m b terms in the dipole operators Q 7 and Q 8 is fixed by this very symmetry. Once the operators are determined, terms proportional to m s are often neglected. Their effect on theB → X s γ branching ratio is negligible (O(m 2 s /m 2 b )) but they matter for the CP asymmetry. Some details on selecting the right number of gauge-invariant operators have been given in Section 5.3 of Ref. [16] .
Explicit expressions for all the operators that satisfy the above-mentioned conditions can be found in Refs. [8, 9] , so we do not repeat them here. Let us only note that Section 2 of Ref. [8] contains all the EOM-vanishing operators, including the ones suppressed by the QED coupling e, and the one that gets generated at three loops only (Q 22 ). On the other hand, the only possible BRST-exact operator and all the evanescent operators that we need here are given in Section 3 of Ref. [9] . The BRST-exact operator remains irrelevant. In particular, we have checked that the three-loop analogue of the two-loop amplitude described in Fig. 3 of Ref. [9] turns out to mysteriously vanish, as well.
Apart from all the "real" off-shell counterterms that have been mentioned so far, we encounter certain spurious ones that arise due to our particular IR rearrangement. The dimensionthree gluon-mass-like counterterm was discussed in detail in Refs. [11, 12] . Spurious dimensionfour flavour-changing operators that are proportional to the IR-regulator mass (see Eq. (18) of Ref. [8] ) are included, too.
The completeness of the full operators basis has been verified in many ways. For instance, since the number of operators contributing at the tree level to the b → sγ transition is smaller than the number of independent Dirac structures S j (3.1), there exist seven linear relations between coefficients at these structures in the renormalized amplitude. All these relations together with three analogous ones for b → sg have been successfully tested up to three loops [6, 8, 9, 17] . In the present calculation, we determine coefficients at four of the structures S j only, which leaves us with just one linear relation for b → sγ and none for b → sg. Therefore, we essentially rely on the fact that the operator basis is indeed complete.
Once the (n ≤ 3)-loop diagrams with counterterms are added to the bare four-loop ones, we obtain an expression of the form
where the coefficients A i contain UV-poles only. These poles need to be canceled by tree-level counterterms. First, we subtract such tree-level counterterms that originate from products of the usual QCD renormalization constants with the (n ≤ 3)-loop operator ones, which modifies the coefficients in Eq. gives us the sought four-loop contributions to the renormalization constants Z i7 and Z i8 (for i = 1, . . . 6) in the photonic and gluonic cases, respectively. The single consistency relation that is successfully tested in the photonic case reads A 
The quantities A (nm) i must satisfy many relations to ensure that all the (ln k µ)/ǫ j poles cancel out in A i . Such a cancellation is necessary for the counterterms to remain polynomial in external momenta, i.e. local in the position space. The explicit relations read
All these relations have been checked to hold in the photonic and gluonic cases for each of the six operator insertions. One should realize that testing the 1/ǫ 2 poles in a four-loop amplitude constitutes a much more sensitive cross-check of the calculation than doing the same in a twoloop amplitude. Since A 4m i and A 1m i have been evaluated with the help of different routines written by different authors, we can be practically sure that our calculation is free of errors like missing a diagram or taking it with a wrong overall factor.
Renormalization Constants and ADMs
The counterterms in the effective Lagrangian that we have calculated can be written in the following form
where
Here, Z 0 , Z g and Z G are the usual QCD renormalization constants of the mass term, gauge coupling and the gluon field
Below, we give our results for Z i7 and Z i8 up to four loops. The "trivial" terms proportional to ln(4π) or to the Euler constant γ E are omitted, as they have no effect on the MS anomalous dimensions. The Riemann zeta function value ζ(3) ≃ 1.20206 is denoted by ζ 3 . The number of active flavours in the effective theory and the sum of their charges are denoted by f and Q, respectively. For Z 17 and Z 27 , the charge Q u of the charm quark is retained arbitrary. The incoming quark charge is set to − 1 3 in all the expressions for Z i7 , which means that they correspond to the down-type quarkqq ′ γ coupling after substituting Q u = 2 3
. For the external up-type quark case, one should multiply all the terms in Z i7 that come with no charge factor by −2, and then replace Q u by Q d = − . The same rule applies to the matrices B (n) that are given in Eqs. (5.9)-(5.11) at the end of this section. We find 
The n-loop 1/ǫ n poles vanish in the above renormalization constants, which is a consequence of the lack of one-loop contributions to Z i7 and Z i8 .
The operators X i (5.2) differ by a multiplicative factor of 1/ α from the bare versions of Q 7 and Q 8 . We have used X i in the actual renormalization constant calculation. Each n-loop term is then of order α n , which makes the simple matrix relation between renormalization constants and anomalous dimensions applicable. Such a relation up to three-loops has been given in Appendix B of Ref. [12] . Extending that result to four loops in the same notation (but with ) are as follows: 
For arbitrary values of f , Q and Q u , the blocks B (n) (n = 0, 1, 2) read f Q u 65867 5832 where µ b is the low-energy scale at which the RGEs evolution is terminated, while C (n)eff 7 are defined by the perturbative expansion
To evaluate the r.h.s. of Eq. (6.1), we need to know the non-vanishing LO initial conditions for the Wilson coefficients at the electroweak scale µ 0 . They read [19] 
Substituting them into the analytical solution to the RGEs (see, e.g., Section 3.3 of Ref. [18] ), one obtains
where η = α s (µ 0 )/α s (µ b ). For the numerical evaluation of η, we always use the four-loop RGE for α s (µ). The numbers a i and h (n) i are given in Table 1 . They are found from the diagonalization ofγ (0)eff (5.6) as well as the elements ofγ (1)eff (5.7) andγ (2)eff (5.8). Althougĥ γ (0)eff can be diagonalized analytically, the decimal approximations presented in Table 1 are much more convenient to use. Note that
= 0, which follows from the initial condition for C 7 at η = 1 and from the off-diagonal position of B (n) inγ (n)eff . The r.h.s. of Eq. (6.6) is shown in the left plot of Fig. 2 as a function of η for x = (162/80.4) 2 . The middle plot in the same figure presents this quantity as a function of µ b for µ 0 = 160 GeV and for the remaining input parameters as listed in Appendix A of Ref. [4] . The µ b -dependence of the complete correction (6.1) is shown for the same parameters in the right plot of Fig. 2 .
It is interesting to compare the four-loop effect to the analogous three-loop one at the Nextto-Leading Order (NLO). Let the superscript "3L → 0" indicate neglecting the three-loop matrix B (1) . Then
and
The ratios (6.7) and (6.8) are shown in Fig. 3 as functions of η and µ b . i . However, as the remaining plots show, the ratios (6.6) and (6.8) do not contradict the naive expectation of being "numbers of order unity". Thus, there seems to be no deep reason behind the observed relative smallness of the NLO effect and the relatively large value of the NNLO one. It should be remembered that the other NLO corrections exceed ∼ 30% while the other NNLO ones stay within ∼ 10% [3] .
It is evident from Fig. 2 that the µ b -dependence of the NNLO correction (6.1) for µ b ∈ [1, 10] GeV originates almost entirely from the overall factor α 2 s (µ b ). The ±3% higher-order uncertainty in B NNLO that was estimated in Refs. [3, 4] takes this µ b -dependence into account. The central value of B NNLO was calculated there for µ b = 2.5 GeV. At that scale, our present correction amounts to around −4.4%. It is worth noting that B 4L→0 NNLO calculated along the formulae of Ref. [4] turns out to be much less µ b -dependent than the more complete B NNLO .
The actual numerical calculation in Refs. [3, 4] included contributions from B
i7 but not from the very recently found B (2) i8 . This fact is practically irrelevant for the above discussion. The numerical effect of B (2) i8 on B NNLO is about 10 times smaller than the one of B (2) i7 , and has the same sign. The small contribution of B (2) i8 will be taken into account together with other similar ones in a future upgrade of the phenomenological NNLO analysis.
Summary
We have evaluated the complete four-loop anomalous dimension matrix B (2) that is necessary for determining the effective FCNC couplingsqq ′ γ andqq ′ g at the NNLO in QCD. The results are presented in a form that applies to any external flavour case, with an arbitrary number of non-decoupled quarks. Adding an essential contribution to the NNLO QCD analysis B → X s γ has been the main purpose of our calculation. The obtained O(α 2 s (µ b )) correction to the branching ratio of this decay amounts to around −2.9% for µ b = 5 GeV, and −4.4% for µ b = 2.5 GeV. Table 2 : Indices k and l of the relevant U (n) kl for n = 0, 1, 2.
The block-triangular structure of the matrixÛ corresponds to that of γ eff T , taking into account that the blocks A (n) and C (n) in Eq. (2.6) have a block-triangular form, too. In particular, U 87 = 0, and U kl = 0 for k ≤ 2 and l > 2.
Using the perturbative expansions for C eff i (µ) (6.2) and
one easily finds that
The matricesÛ (n) are functions of η only
The powers a i have been given in Table 1 . Only a relatively small set of non-vanishing U (n) kl is relevant for b → sγ at the NNLO, so long as
which is the case in the SM. The corresponding values of the indices k and l for n = 0, 1, 2 are collected in Table 2 . The "magic numbers" m (nj)
kli that occur in the expressions (A.6) for these U (n) kl are given in Tables 3-5. As far as C (n)eff i (µ 0 ) are concerned, their SM values for i = 1, . . . , 6 can be found in Section 2 of Ref. [16] . The coefficients C Q(n) i from that paper combine with a relative minus sign to our C (n)
. For i = 7, 8, one can find the corresponding C Q(n) i in Section 6 of Ref. [17] . They combine to our C (n) i according to the relation C
. The upper index gets shifted because Q 7 and Q 8 in Ref. [17] were normalized as X 7 and X 8 in Eq. (5.2) here. Once C 
kl .
